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INTERSECTION NUMBERS ON THE RELATIVE HILBERT
SCHEMES OF POINTS ON SURFACES
AMIN GHOLAMPOUR, ARTAN SHESHMANI
ABSTRACT. We study certain top intersection products on the Hilbert
scheme of points on a nonsingular surface relative to an effective smooth
divisor. We find a formula relating these numbers to the corresponding
intersection numbers on the non-relative Hilbert schemes. In particular,
we obtain a relative version of the explicit formula found by Carlsson-
Okounkov for the Euler class of the twisted tangent bundle of the Hilbert
schemes.
1. INTRODUCTION
1.1. Overview. Hilbert schemes have long been regarded as one of the im-
portant objects of study in algebraic geometry. In particular, in the case of
the Hilbert scheme of points on surfaces, there have been many exciting
achievements, both in mathematics and physics (see [N99] for a survey).
One of the interesting aspects of the study of these objects is their enumer-
ative geometry. Our main motivation for studying enumerative problems
arising over the Hilbert scheme of points on surfaces is their relation to the
Donaldson-Thomas invariants of 2-dimensional sheaves inside threefolds.
Let S be a nonsingular projective surface over C. In 1990, Go¨ttsche [G90]
computed the generating series associated to the integral of the Euler class
of the tangent bundle (Euler characteristic) of theHilbert scheme of n points,
denotedby S[n], and the result appeared to be closely related to theDedekind
eta modular form:
Theorem. (Go¨ttsche)
1+ ∑
n>0
qn
∫
S[n]
e(S[n]) = Ξ(q)−e(S)
where
Ξ(q) = ∏
n>0
(1− qn).
More recently, Carlsson and Okounkov [CO12] found an analog of Go¨tt-
sche’s formula for the integral of the Euler class of the tangent bundles of
S[n] twisted by a line bundle on S as we will explain below. These Euler
classes arise naturally in computing the Donaldson-Thomas invariants of
2-dimensional sheaves in threefolds containing S as a divisor.
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Given S and a line bundle M on S, the twisted tangent bundle T
[n]
S (M)
is a bundle defined on S[n], whose fiber over the ideal sheaf I ∈ S[n] is
naturally identified with
(1)
2
∑
i=0
(−1)i(Hi(M)− Exti(I, I ⊗M)).
We will give a precise definition of T [n]S (M) in Section 3.
Theorem. (Carlsson-Okounkov)
(2) 1+ ∑
n>0
qn
∫
S[n]
e(T [n]S (M)) = Ξ(q)
−δS(M),
where
δS(M) =
∫
S
e(TS⊗M).

Note that when M = OS the theorem above specializes to Go¨ttsche’s
formula. One of the key facts used in this paper is the following feature of
the theorem above:
Remark 1. If S is quasi-projective equipped with a C∗-action so that SC
∗
is
complete, and M ∈ Pic(S)C
∗
(the equivariant Picard group of S), then the
integrals in the theorem can be defined by the equivariant residues, and in
this sense, the formula in the theorem still holds [CO12].
Among the other important top intersection products on S[n] is the inte-
gral of the top Segre class of the tautological bundles associated to a line
bundle on S. These integrals were studied in [L99].
1.2. Main results. The main object of study in this paper is the relative
Hilbert scheme of points. Let C be a smooth effective divisor on S. Li and
Wu [LW15] introduced the notion of a stable relative ideal sheaf. I ∈ S[n] is
said to be relative to C if the natural map
I ⊗OC → OS ⊗OC
is injective (see also [MNOP06]). Relativity is an open condition on S[n]. Li
andWu constructed a proper relative Hilbert scheme, denoted by (S/C)[n],
by considering the equivalence classes of the stable relative ideal sheaves
on the k-step semistable models S[k] for 0 ≤ k ≤ n. Two relative ideal
sheaves I1 and I2 on S[k] are equivalent if the quotients OS[k]/Ii differ by
an automorphism of S[k] covering the identity on S[0] = S. The stability
of a relative ideal sheaf means that it has finitely many auto equivalences
as described above. (S/C)[n] is a smooth proper Deligne-Mumford stack of
dimension 2n.
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We study some specific top intersection products over (S/C)[n]. We ex-
press the intersection numbers over (S/C)[n] in terms of the intersection
numbers over the standard (non-relative) Hilbert scheme of points.
One of the key ingredients of the proof of the main result in this paper is
the degeneration technique. Let S S0 := S1∪C S2 be a good degeneration
of the surface S, and let
(3) S→ C
be the corresponding universal family over the stack of expanded degener-
ations (see [L01, L02, LW15]). Li and Wu [LW15] constructed the Hilbert
scheme of n points on this family that we denote by
H
[n](S→ C).
The Hilbert scheme H[n](S → C) is a proper Deigne-Mumford stack over
the 1-dimensional Artin stack C parameterizing the expanded degenera-
tions (3). A non-special fiber of H[n](S → C) over C is isomorphic to S[n],
whereas the special fiber of H[n](S→ C), denoted by S[n]0 , can be written as
the (non-disjoint) union
(4) S
[n]
0 =
⋃
n1, n2 ≥ 0
n = n1 + n2
(S1/C)
[n1] × (S2/C)
[n2].
Our main theorem (Theorem 1) is stated and proven in a general setting
that can be applied in various situations. As applications of Theorem 1,
we will deduce the extensions of Carlsson-Okounkov’s formula and some
other known results to the set up of the relative Hilbert schemes. For this,
we work with an assignment A that takes a pair (S,C) as above, a line bun-
dle on S, and a nonnegative integer n. The output of the assignment A is an
element of the K-group of the relative Hilbert scheme (S/C)[n]. The assign-
ment A is required to be well-behaved under the good degenerations of S as
above, and also to respect the C∗-equivariant structures. More precisely, for
any n = 0, 1, 2, . . . , suppose that
A
[n]
S/C : Pic(S)→ K((S/C)
[n])
is an assignment satisfying the following properties (if C = 0 we drop “/C”
from the notation):
(i) If n = 0 then we take (S/C)[0] = Spec C, and A
[0]
S/C(M) = 1.
(ii) Given a good degeneration S  S1 ∪C S2, then there exist the degen-
erations of the line bundle M and the K-group element A
[n]
S (M)
Pic(S) ∋ M Mi ∈ Pic(Si) i = 1, 2,
A
[n]
S (M) K ∈ K(S
[n]
0 ),
such that for any
n1, n2 ≥ 0 and n = n1 + n2
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the restriction of K to the corresponding component of the special
fiber (4) of H[n](S→ C) is given by
K|(S1/C)[n1]×(S2/C)[n2]
∼= A
[n1]
S1/C
(M1)⊞ A
[n2]
S2/C
(M2).
(iii) If S is equippedwith aC∗-action that leaves C invariant, andM admits
a C∗-equivariant lift M∗ ∈ Pic(S)C
∗
, then
A
[n]
S/C(M
∗) ∈ K((S/C)[n])C
∗
.
Here Pic(−)C
∗
and K(−)C
∗
indicate the equivariant Picard and K-
groups.
For the virtual bundle u− v, the Euler class e(u− v) is defined to be the
top degree graded piece of c(u)/c(v), where c(−) is the total Chern class.
We are interested in studying the following generating series:
(5) ZA(S/C,M) = 1+ ∑
n>0
qn
∫
(S/C)[n]
e(A
[n]
S/C(M)).
Remark 2. Suppose that S is quasi-projective, but it is equipped with a
C∗-action that leaves C invariant, and so that SC
∗
is complete. If M∗ is
any C∗-equivariant lift of M, and if A
[n]
S/C(M
∗) for n = 1, 2, . . . , are the
corresponding C∗-equivariant classes, then, ZA(S/C,M
∗) ∈ Q[t, t−1] can
be defined by means of the equivariant residues.
If C = 0 we drop “/C” from the notation of the generating series. For
example, thinking of the twisted tangent bundle T
[n]
S/C(M)with fibers given
by (1) (see Section 3 for more details), as an assignment Pic(S)→ K((S/C)[n]),
then Carlsson-Okounkov’s formula can be rewritten as
(6) ZT (S,M) = Ξ(q)
−δS(M).
Themain result of the paper expressesZA(S/C,M) in terms of the gener-
ating series of the same intersection numbers over the non-relative Hilbert
schemes:
Theorem 1. Let π : N → C be the total space of the normal bundle of C in S
equipped with the natural fiberwise C∗-action. For any M ∈ Pic(S), there exists a
lift of this action to π∗(M|C), giving the equivariant line bundle M∗ ∈ Pic(N )C
∗
,
such that ZA(N ,M∗) has a non-equivariant limit and
ZA(S/C,M) =
ZA(S,M)
ZA(N ,M∗)
.
We prove Theorem 1 in Section 2. In the course of proof, we obtain a few
other formulas for the intersection numbers on the relative Hilbert schemes
which are interesting on their own. Most importantly, we prove an explicit
formula for the generating series of a specific top intersection product over
the rubber Hilbert scheme (see Corollary 4).
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Themain application of Theorem1 is the version of Carlsson-Okounkov’s
formula for the relative Hilbert schemes:
Theorem 2. Let S be a nonsingular projective surface and C1, . . . Ck ⊂ S be
disjoint nonsingular curves. If M is a line bundle on S then
ZT (S/C1 ∪ · · · ∪ Ck,M) = Ξ(q)
−
∫
S e(TS[−C1−···−Ck ]⊗M),
where TS[−C1 − · · · − Ck] is the sheaf of tangent fields with logarithmic zeros
along the divisor ∑ Ci.
This theorem is proven in Section 3. Theorem 2 is the 2-dimensional
analog of the degree 0 relative MNOP conjecture [MNOP06, Conjecture 1R]
proven in [LP09].
In Section 4, we discuss further direct applications of Theorem1. We con-
sider two more important top intersection products on the relative Hilbert
schemes. One is the integral of the top Segre class of the tautological bun-
dles, and the other is the self intersection number D[n] · D[n] for the non-
singular curve D ⊂ S. We prove that these numbers can be expressed in
terms of the intrinsic invariants of the pair (S,C) (Theorem 3). One of our
motivations for this work is the study of the Donaldson-Thomas invariants
of 2-dimensional sheaves inside threefolds. S-duality predicts that these
invariants have modular properties [VW94, DM11, GST14]. As an illustra-
tion, in Section 5, we give an example of the most basic case i.e. sheaves
supported on hyperplane sections of P3. We use Theorem 2 to give a for-
mula for the generating functions of these DT invariants and establish their
modularity.
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2. PROOF OF THEOREM 1
We first compute the left hand side of Theorem 1 in the case where S is
the projectivization of a split rank 2 vector bundle over a curve, and C is
the ∞-section. This is done by localization (Proposition 3). We then use
degeneration to the normal cone to prove the theorem for a general (S,C)
(Proposition 5).
Let C be a nonsingular genus g curve and L a line bundle on C. Define
(7) PC,L := P(O⊕ L)
π
−→ C.
We denote by C0 = P(O) and C∞ = P(L), the 0- and ∞-sections of PC,L
respectively. Given p ∈ C, let f = [π−1(p)] denote the numerical class of
the fiber.
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It is easily seen that C∗ acts on PC,L by scaling the fibers. Suppose that
the weight of the action of C∗ on the normal bundles of C0 and C∞ are
respectively t and −t. Given M ∈ Pic(PC,L), we fix a lift of the C∗-action to
M by requiring that the fibers over C∞ have the trivial weight. We denote
the resulting C∗-equivariant line bundle by M∞.
Moreover, in the following arguments, we will be using yet another ge-
ometry of Hilbert schemes, that is called the rubber Hilbert scheme. The
C∗-action on PC,L induces an action on the relative Hilbert scheme
(PC,L/C0 ∪ C∞)
[n].
LetU be the open subsetwith finiteC∗-stabilizers and no degeneration over
C∞. The rubber Hilbert scheme is then defined to be the Deligne-Mumford
quotient stack
(PC,L)
[n],∼ = [U/C∗].
Note that the rubber Hilbert scheme above carries no C∗-action. Let
K((PC,L)
[n],∼)C
∗
be the C∗-equivariant K-group with respect to the trivial action on the rub-
ber Hilbert scheme.
Now given any M∗ ∈ Pic(PC,L)C
∗
, by the property (iii) of the assignment
A, we can define
A
[n],∼
PC,L
(M∗) ∈ K((PC,L)
[n],∼)C
∗
to be the descent of A
[n]
PC,L/C0∪C∞
(M∗) ∈ K((PC,L/C0 ∪ C∞)[n])C
∗
. Define the
generating series
ZA(PC,L,M
∗)∼ = 1+ ∑
n>0
qn
∫
(PC,L)[n],∼
e(A
[n],∼
PC,L
(M∗))
−t−Ψ0
∈ QJqK[t, t−1],(8)
where Ψ0 is the first Chern class of the cotangent line bundle of the rubber
Hilbert scheme, corresponding to the relative divisor C0.
The following Proposition aims at proving an analog of Theorem 1 for
the spacial case (S,C) = (PC,L,C∞):
Proposition 3.
ZA(PC,L/C∞,M) = ZA(PC,L,0,M
∞)
where PC,L,0 = PC,L \C∞. In particular, the right hand side has a non-equivariant
limit.
Proof. The fixed locus of the C∗-action on (PC,L/C∞)
[n] is the disjoint union
over all products of the form (see [MNOP06, Section 4.3])
(PC,L)
[n1],∼ × ((PC,L,0)
[n2])C
∗
where n1 + n2 = n. The first factor is the rubber Hilbert scheme of points
as described above, and the second factor is the C∗-fixed point set of the
Hilbert scheme of points on PC,L,0, which is the total space of the line bun-
dle L∨ over C.
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Applying Atiyah-Bott localization formula, we get
ZA(PC,L/C∞,M) = ZA(PC,L,M
∞)∼ · ZA(PC,L,0,M
∞).
Note that here, the K-group class A
[n],∼
PC,L
(M∞) carries no C∗-weights by the
choice of the lift of the action to M∞. Now observe that since
dim(PC,L)
[n],∼ = 2n− 1,
then all the integrals on the right hand side of (8) vanish for dimension
reasons and hence, we get
ZA(PC,L,M
∞)∼ = 1,
and this finishes the proof. 
Given M ∈ Pic(PC,L), we now fix a lift of the C
∗-action toM by requiring
that the fibers over C0 have the trivial weight. We denote the resulting C
∗-
equivariant line bundle by M0.
Corollary 4.
ZA(PC,L,M
0)∼ =
ZA(PC,L,0,M
∞)
ZA(PC,L,0,M0)
Proof. Applying Atiyah-Bott localization formula we get
ZA(PC,L/C∞,M) = ZA(PC,L,M
0)∼ · ZA(PC,L,0,M
0).
The result now follows from Proposition 3. 
Now we use Proposition 3 and the degeneration technique to complete
the proof of Theorem 1:
Proposition 5. Let (S,C) be a pair of a nonsingular surface and a nonsingular
divisor, and let
P := P(OC ⊕OC(−C))
π
−→ C.
Given M ∈ Pic(S), let MP = π∗(M|C). Then
ZA(S/C,M) =
ZA(S,M)
ZA(P/C∞,MP)
.
Proof. Consider the degeneration of S to the normal cone of C in S
(9) S S ∪C=C∞ P.
The line bundle M degenerates to
M M on S and MP on P.
As mentioned in Section 1.2, we can associate to the degeneration (9),
the stack of expanded degenerations C together with the universal family
S→ C, and the Hilbert scheme H[n](S → C). The invariance of the degree
of the 0-cycles in the fibers of H[n](S→ C) over C gives∫
S[n]
e(A
[n]
S (M)) =
n
∑
n1=0
∫
(S/C)[n1]
e(A
[n1]
S/C(M)) ·
∫
(P/C∞)
[n−n1]
e(A
[n−n1]
P/C∞
(MP)),
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using the properties (i) and (ii) of the assignment A mentioned in Section
1.2 1. Multiplying both sides of this formula by qn and summing over n ≥ 0,
we get
ZA(S,M) = ZA(S/C,M) · ZA(P/C∞,MP),
from which the result follows immediately. 
Propositions 3 and 5 give the following result, which finishes the proof
of Theorem 1:
Corollary 6.
ZA(S/C,M) =
ZA(S,M)
ZA(PC,L,0,M∞P )
.

3. PROOF OF THEOREM 2
In this case we specialize to the case
A
[n]
S/C = T
[n]
S/C : Pic(S)→ K((S/C)
[n])
defined for any pair (S,C) of a nonsingular suface and a smooth divisor by
T
[n]
S/C(M) = [Rp2∗p
∗
1M]− [Rp2∗RHom(I , I ⊗ p
∗
1M)],
where p1, p2 are projections to the first and second factors of S× (S/C)[n],
and I denotes the universal ideal sheaf.
Lemma 7. The assignment T satisfies properties (i), (ii), (iii) in Section 1.2.
Proof. Properties (i) and (iii) are clearly satisfied by T . To verify property
(ii), suppose we are given a good degeneration S S0 := S1 ∪C S2 and the
degeneration of the line bundle M on S,
M M0 with Mi := M0|Si ∈ Pic(Si), MC := M|C,
together with the decomposition n = n1 + n2. Let S
[n]
0 denote the special
fiber of H[n](S → C) which can be written as (4). Tensoring the exact se-
quence
0→ OS0 → OS1 ⊕OS2 → OC → 0
by the perfect complexes RHom(I0, I0 ⊗ p∗1M0) and p
∗
1M0 gives the exact
triangles over S0 × S
[n]
0 :
RHom(I0, I0 ⊗ p
∗
1M0)→ ⊕
2
i=1RHom(Ii, Ii ⊗ p
∗
1Mi) → p
∗
1MC,
p∗1M0 → ⊕
2
i=1p
∗
1Mi → p
∗
1MC,
1This is is the 2-dimensional analog of the more complicated degeneration formula for
the Hilbert schemes on threefolds studied in [LW15, Section 6] and [MNOP06]. The 2-
dimensional degeneration formula was also employed in [T12, LT14].
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where Ii is the universal ideal sheaf over Si × S
[−]
i for i = 0, 1, 2, p1 is the
projection to the first factor, and all the obvious push forwards by the in-
clusions of C, S1, and S2 into S0 are dropped. The term p
∗
1MC in the first
exact triangle above is because of the relativity condition on ideal sheaves.
Let p2 be the projection to the second factor of S0× S
[n]
0 . Applying Rp2∗ to
the exact triangles above, and taking the difference of the K-group classes
of the resulting complexes, we get the result. 
We now use some of the notation introduced in Section 2. Consider the
P1-bundle PC,L defined in (7). For M ∈ Pic(PC,L), define
m f = M · f , m0 = M · C0, l0 = π
∗L · C0.
Corollary 8. ZT (PC,L/C∞,M) = Ξ(q)
−ǫPC,L (M) where
ǫPC,L(M) = m
2
f l0 + (1+ 2m f )m0 + (1+m f )(2− 2g).
Proof. Applying Proposition 3, we get
ZT (PC,L/C∞,M) = ZT (PC,L,0,M
∞).
The fibers of M∞ over C0 carry the C
∗-weight m f t, so we can write
δPC,L,0(M
∞) =
∫
C
m f (m f + 1)t
2 +
(
(m f + 1)(c1(C) + c1(M|C0)) +m f (−c1(L) + c1(M|C0))
)
t
t− c1(L)
= m2f L · C0 + (1+ 2m f )M · C0 + (1+m f )e(C).
This finishes the proof.

Corollary 9. Define
R(PC,L,M) = 1− ∑
n>0
qn
∫
(PC,L)[n],∼
c(T
[n],∼
S/C (M))
1−m f Ψ0
.
Then,
R(PC,L,M) = Ξ(q)
−ǫ˜PC,L (M)
where
ǫ˜PC,L(M) = m
2
f l0 + 2m fm0 +m f (2− 2g).
Proof. By a simple calculation using (8),
R(PC,L,M) = ZT (PC,L,M
0)∼,
because the fibers of M0 over C∞ carry the C
∗-weight −m f t. By Carlsson-
Okounkov’s formula (2) and Remark 2,
Z(PC,L,0,M
0) = Ξ(q)−c1(M)|C0−c1(L).
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Combining these formulas with Corollary 4 and the formula for Z(PC,L,0,M
∞)
in the proof of Corollary 8 , we obtain the result.

Corollary 10. Suppose that D is a divisor on C of degree d. Then,
ZT (PC,L/C∞,π
∗D) = Ξ(q)−e(C)−d.
Proof. In this case m f = π
∗(D) · f = 0, and M · C0 = d. Now use the result
of Proposition 3 and Carlsson-Okounkov’s formula (2). 
Proof of Theorem 2. We prove the theorem for k = 1 and C1 = C, the gener-
alization to higher k is straightforward. By Carlsson-Okounkov’s formula
(2) and Corollaries 6 and 10, we have
ZT (S/C,M) = Ξ(q)
−η(S,C)(M), η(S,C)(M) = e(S)−KS ·M+M
2− e(C)−M ·C.
The result now easily follows from the fact that
c1(TS[−C]) = c1(S)− C,
c2(TS[−C]) = c2(S)− c1(S) · C+ C
2 = c2(S)− e(C).

Remark 11. Behrend in [B09] defines the Q-valued function χ(X) for any
DM stack X over C, which specializes to the Euler characteristic with com-
pact support in the case that X is a scheme. By Gauss-Bonnet theorem [B09,
Proposition 1.6] and Theorem 2 for a projective surface S we have
1+ ∑
n>0
χ((S/C)[n])qn = ZT (S/C,O).
Note that χ((S/C)[n]) is different from the alternating sum of the dimen-
sions of the cohomology groups obtained by taking the limt→−1 of the for-
mula in [S10, Theorem 1] for the Poincare polynomial of (S/C)[n] (see [B09,
Section 1.3]).
4. POLYNOMIALITY OF THE TOP INTERSECTION NUMBERS
For any M ∈ Pic(S), the rank n tautological bundle is defined by
M[n] := p2∗p
∗
1M⊗OS×(S/C)[n]/I ,
where p1, p2 are projections to the first and second factors of S× (S/C)[n],
and I denotes the universal ideal sheaf. In this section we study two other
applications of Theorem 1.
For any pair (S,C) of a nonsingular surface and a smooth divisor, and
any n = 1, 2, . . . , we define
L
[n]
S/C, S
[n]
S/C : Pic(S)→ K((S/C)
[n])
L[n]S/C(M) = M
[n] ⊕M[n], S [n]S/C(M) = −M
[n].
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As in Lemma 7, one can see that the assignments S and L satisfy proper-
ties (i), (ii), (iii) in Section 1.2. For the property (ii), the key point is that
by the relativity condition on the ideal sheaves we have OS×(S/C)[n]/I ⊗
OC×(S/C)[n] = 0.
If D ⊂ S is an effective divisor, then the q-coefficients of the series
ZL(S,O(D))
can be interpreted as the self-intersection number of the n-dimensional cy-
cle D[n] ⊂ S[n], by noting that e(L[n]S (O(D))) = e(O(D)
[n])2.
Suppose that the ample divisor H on S is so that the linear system |H| is
3n − 2-dimensional. Then the q-coefficients of the series ZS (S,O(H)) are
the top Segre classes ofO(H)[n], and they can be interpreted as the number
of points in S[n] which do not impose independent conditions on curves
in the linear system. They were considered by Donaldson in connection
with the computation of the instanton invariants. These top Segre classes
were studied in [L99, Section 4.3] and by other people. Theywere explicitly
computed in [L99] up to n = 7, and a general formula for their generating
function was conjectured, based on these calculations.
It is known that the q-coefficients of the series
ZL(S,M), ZS (S,M)
are polynomials in the intrinsic invariants of S such as M2, M · KS, K
2
S and
e(S) [EGL99]. Using the notation of Corollary 6,
ZS(N ,M
∞
P ), ZL(N ,M
∞
P )
can be expressed in terms of the same intersection numbers once they are
computed C∗-equivariantly:
(M∞P )
2 = 0, K2N = C
2+ 4− 4g, KN ·M
∞
P = −M ·C, e(N ) = e(C) = 2− 2g,
For example, using Lehn’s calculation,∫
N [3]
e(−M[3]) = −192M · C+ 56C2 + 72(2− 2g).
By Theorem 1, we have proven that
Theorem 3. The q-coefficients of the generating series
ZL(S/C,M) and ZS (S/C,M)
are polynomials in
M2, M · KS, K
2
S, e(S), C
2, M · C, e(C).

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5. DONALDSON-THOMAS INVARIANTS OF P3
Let Sd be a nonsingular hypersurface in P
3 of degree d. We allow d = 0
in which case S0 is empty. Suppose that M = M(P3/Sd, n) is the moduli
space of stable torsion sheaves on P3 relative to Sd, with Chern characters
(0,H,−H2/2, (1/6− n)H3) ∈ ⊕3i=0H
2i(P3,Q),
where H = c1(O(1)). A general point of the moduli space corresponds
to the isomorphism class of a pure 2-dimensional sheaf F supported on a
hyperplane T ⊂ P3 which is transversal to Sd. By the choice of the Chern
character above, F is isomorphic to the push forward of the ideal sheaf of
a length n 0-dimensional subscheme of T. In an upcoming work, we show
that M is complete of virtual dimension 3 and there is a natural support
morphism
π : M → |H| = P3.
The Donaldson-Thomas invariant of M can be defined by
DT(P3/Sd, n) · [P
3] = π∗[M]
vir .
We then prove that
Theorem. (Gholampour-Sheshmani)
DT(P3/Sd, n) =
∫
(P2/Cd)[n]
e(T
[n]
P2/Cd
(H))
where Cd is a generic hyperplane section of Sd. The generating series of DT invari-
ants is explicitly given by Theorem 2 and hence is modular.
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